The Baryonic Tully-Fisher relation was extended to clusters hypothesizing that a 0 , the characteristic acceleration of the Modified Newtonian Dynamics (MOND), depends on the mass of the system. Circular speeds were calculated for systems with mass up to 10 21 M☉. The relativistic impact on super massive systems was considered using the extended Newtonian theory for gravitational bound systems. The impact was an increase of the circular velocity for systems with mass beyond ~10 19 M☉.
Introduction
A historical and technical background to the cosmological problem currently known as dark matter (or missing mass) was presented in [1] where references to works and ideas dating back at least to Newton's time were made.
In 1933 ref. [2] concerning the red shift of extragalactic nebulae reported that the magnitude of the measured velocity dispersion of the Coma cluster implies much more mass than the mass estimated from the cluster luminosity-mass because the calculation of the velocity dispersion from the luminosity mass using the virial theorem yielded much lower velocity dispersion. He therefore inferred, as one possibility, the presence of dark matter in greater amount than the luHow to cite this paper: Quintero-Leyva, B.
(2017) On the Extension of the Baryonic Tully-Fisher Relation to Galaxy Clusters minous mass to explain the discrepancy. In 1937 ref. [3] goes into more detail and refinement of the findings of 1933.
In the1970s the need for undetected additional mass in the outer part and well beyond the optical edge of the galaxy where the rotation curves showed an effective flat profile, started emerging ( [1] and references there in),
Ref. [4] established a relation between the stellar luminosity (L) of the galaxies and the global profile width ( ), for the Virgo cluster, they an-
( )
. The subject of that paper however was not the missing mass problem but the determination of distances to galaxies.
To explain the dark matter problem many scientists were in the search for a particle or object that does not interact electromagnetically while it does gravitationally. Two efforts in this direction are: WIMP (weakly interacting massive particle: non baryonic, it has not been detected) and MACHO (massive astronomical compact halo objects: baryonic, according to [1] , it does not account for the total needed dark matter in, for example, the Milky Way).
A modification of the Newtonian dynamic (MOND) was proposed in 1983 [5] as an alternative to the search for WIMP and MACHO, in such a way that for very low acceleration regime an asymptotically flat rotation curve is obtained well outside the optical edge of spiral galaxies and for very high acceleration the Newtonian dynamics is recovered. MOND assumes the existence of a characteristic acceleration about 10 −10 ms −2 which is about 1/6 of the current acceleration of the universe. MOND predicted a Tully-Fisher relation (TFR) of the form
where M and V are the galaxy mass and the asymptotically flat circular velocity respectively.
In 1999 [6] , it was found that by adding the HI component to the stellar mass, the TFR is recovered in the DDO 154 and NGC 2115 (gas rich) galaxies. In 2000 [7] the TFR was extended over 5 decades in stellar mass and it was found that the stellar TFR can hold for large dwarf galaxies (previously believed not to follow the TFR) if the mass of the gas is added to the stellar mass (establishing therefore a Baryonic TFR), consistent with the finding in [6] , confirming in this way the MOND prediction
In 2006 ref. [8] concerning the merge of two clusters (known as the Bullet cluster or1E0657-558) found that the mass of the system does not follow the distribution of baryons (based on gravitational lensing and hot x-ray emission measurements). However work in the MOND direction continued, for example, a MOND model for the bullet cluster was proposed in [9] .
Alternatives to MOND phenomenology (in addition to the dark matter hypothesis) can be found in the literature: e.g. In 1988 the magnetic stress on the outer gas of disk galaxies was found to yield rotation velocities well above to what is expected based on the visible matter [10] ; In 2005 a modified acceleration law based on the Einstein gravity coupled to a massive skew symmetric field (Metric Skew Tensor Gravity) was used to explain the rotation curve of galaxies. MSTG assumes a space and mass dependence of the Newton's gravitational constant and a characteristic radius and mass [11] . In 2011 a generalization of the New-B. Quintero-Leyva 3/10 OALib Journal ton's gravitational theory based on the work of Heaviside and Sciama (implementing the Mach principle) was proposed resulting in a dynamic model for a galaxy without dark matter [12] ; In 2012 It was proposed that the dark matter problem is the result of an inertial effect due to a postulated cosmic rotation [13] ; In 2012 the inertial mass is modified assuming that the Unruh radiation is subject to a Hubble scale-Casimir effect dubbed Quantized Inertia [14] . QI predicts the BTF relation with a characteristic acceleration which is very close to the universe acceleration being therefore about six times the MOND's one.
It will be seen in the next section that QI systematically overestimates the cluster circular speed while MOND systematically and very significantly under estimates it, however MOND estimates the circular speed of the disk galaxies much better than what QI does.
The purpose of this work is to extend the Baryonic Tully-Fisher relation (in the MOND context) to galaxy clusters and super massive-cosmic systems. To fulfill this purpose it is hypothesized that the MOND's characteristic acceleration is not a constant and that a mass dependence could be attributed to it, extending in this way the BTF relation to galaxy clusters. The extension of the BTF relation to very massive systems (where the speed is a significant fraction of the speed of light in vacuum) is made using the extended Newtonian theory for gravitational bound systems [15] which successfully accounts for the perihelion precession of the planets of the solar system.
Extension of the BTF Relation to Galaxy Clusters

MOND's BTF for Galaxies
MOND described as a modification of the Newton's 2 nd law can be written as [5] : 
Equation (3) for very small acceleration becomes
QI BTF Relation
The BTF relation derived in [14] for the edge of the galaxy is: 
Extension of the BTF Relation to Clusters of Galaxies
Independently of the physical background (MOND, QI, etc.) behind the effective flatness of the rotational curve after the optical edge of the galaxies, it is has been experimentally well established in disk galaxies the existence of a BTF relation of the form of Equation (4).
Even though Equation (4) works remarkable well for many disk galaxies, it however underestimates the circular speed for clusters as can be seen from Table   1 (MOND using = × ⋅ (QI), the results match better the clusters than the MOND does, but MOND performs better for disk/gas galaxies. These observations were previously noted in [14] for this binned experimental data set.
In Figure 1 (see Table 1 also) is plotted the values of 0 a vs. M calculated per Equation (4) using the binned experimental values of masses and velocities shown in Table 1 . It can be seen a strong correlation for the clusters. Based on that and assuming that the distances to the cosmic structures in question were accurately determined, it is hypothesized that 0 a is not really a constant and that it can conveniently be represented (without considering the binned data for the dwarf galaxies) with a function of the form
where,
Monotonously increasing function of M with the constraints: Because the exact shape of ( ) Note in Table 1 that MOND underestimates also the binned experimental values for the dwarf galaxies. In this work these galaxies will not be considered (as input to any fitting process) because, apart from being accompanied with larger uncertainties, they include the local group dwarf galaxies that some of them appear not to be isolated and also because of the potential impact of the hypothesis formulated by [18] on the binned data.
by fitting the values of 0 a vs. M of Table 1 The results labeled HYB in Table 1 correspond to the use of Equation (6) in Equation (4) . It can be seen that HYB is in significant better agreement, in almost all points, with the binned measured velocities than both MOND (it underestimates the binned velocities, more significantly the clusters) and QI (it overestimates the binned velocities) .
BTF Extension to Super Massive Cosmic Structures
When the mass of the cosmic structure is very large, the circular velocity is a significant percent of the speed of light and therefore a relativistic theory should modify Equation (1) to incorporate the relativistic effect in the dynamic of the system.
Ref [15] found that the Newtonian acceleration could be modified in such a way that it predicts correctly the perihelion precession of the planets. That modification was based on the application of two consecutive boosts of the time dilation and length contraction to the Newtonian concept of time and space interval. 
The dependence of 0 a on M could be taken into account per the approximations to Equation (5) . Note that Equation (10) can be derived from Equation Table 2 shows the results of the speed calculation for very massive systems ranging from 10 14 to 10 21 in units of solar masses. Equation (10) was solved numerically just by evaluation of the function (evaluations were made every 1 m/s) in search for a sign change. There was not need to refine the search (once a sign change was found) because even though the evaluation to the left and right of ) which approximate the current mass and acceleration of the universe. The results show the expected behavior of those models when extrapolated to very massive systems.
Columns 5 -7 show the results of the 3 models considering the relativistic impact per equation 10.
It is notified that for the last point in Table 2 (M = 10   21 ) an additional root was found (between 250 × 10 3 and 260 × 10 3 km/s) for R-QI and R-HYB models.
It is believed that this is a result of the compiler/machine precision limits, noting that the search was stopped for all models at 0.9c to avoid obtaining more than 10 roots for equation 10 which is mathematically impossible. Note that the values above correspond to 0.83c and 0.87c respectively.
The results of Table 2 The results of the extrapolation of Equation (7) to very massive systems, is shown in the last column of Table 2 . It is remarkable that those results are fairly close to the results of the HYB model considering that Equation (7) does not 'know' anything about ( ) 0 a M . The deviation from R-HYB at large values of mass is expected because Equation (7) was obtained based on a fit to the binned experimental data of significantly less mass where the relativistic impact is negligible.
Additional Remarks
-It is notified that a fitting to the data of Table 1 -The idea of a rotating universe has been proposed before by references dating back to at least the 1940's and experimental evidences have also been claimed previously (e.g. [13] [21] [22] and references therein).
Summary and Concluding Remarks
Based on an observed (using binned experimental data) strong correlation of 0 a with the mass of the galaxy clusters, it was proposed that 0 a should not be considered a constant, and that it could be represented as a function of the mass of the system. The results obtained in this way match better the binned experimental data when compared to the results of MOND and QI.
The relativistic impact was considered in super massive systems through the use of the extended Newtonian theory for gravitational bound systems. The impact resulted in an increase of the circular velocity of systems with mass beyond ~10 19 Msun.
It is remarked that the extension of the BTF relation as described here could contribute to explain the missing mass problem in galaxy clusters and other supermassive systems.
It could be worthy to compare the results of the HYB and R-HYB models to other experimental data.
